JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 42, 61-90 (1973)

Initial-Boundary Value Problems
for an Extensible Beam

J. M. BaLp*

School of Applied Sciences, University of Sussex, Brighton, England
Submitted by Peter D. Lax

1. INTRODUCTION

In this paper we discuss certain initial-boundary value problems for the
nonlinear beam equation

22 o 1 o
E;'Faﬁ— [ﬁ‘i“kjo”s(f, t)2d§]—a-x—2=0, (1.1)

where the constants o and k& are positive,

Equation (1.1) was proposed by Woinowsky-Krieger [28] as a model for
the transverse deflection u(x, £) of an extensible beam of natural length  whose
ends are held a fixed distance apart. The nonlinear term represents the change
in the tension of the beam due to its extensibility. The model has also been
discussed by Eisley [13], while related experimental results have been given
by Burgreen [6].

Dickey [10] recently considered the initial-boundary value problem for
(1.1) in the case when the ends of the beam are hinged, so that

(0, 1) = u(l, £) = 14y(0, t) = (1, ) = 0. (1.2)

The initial deflection %y(x) and the initial velocity #;(x) of each point x of the
beam are assumed given. Dickey showed how the model affords a description
of the phenomenon of “dynamic buckling.” Assuming a Galerkin expansion
for the deflection at time #, he was then able to prove, using a compactness
argument, that the resulting infinite system of ordinary differential equations
has a unique solution for all time. Dickey has also studied [11] the system of
ordinary differential equations corresponding to the case a = 0. Equation
(1.1) then represents a vibrating string and for certain problems of this kind
exact solutions are known (Oplinger [22]).
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The present paper extends the work of Dickey in several directions. We
deal with both the case of hinged ends and that of clamped (or built-in) ends
for which

(0, ) = u(l, £) = u5(0, £) = u,(}, £) = 0. (1.3)

In both cases we use the techniques of Lions [19] to prove the existence of
weak solutions to the initial-boundary value problem for (1.1). We then
show that these solutions satisfy an energy equation and depend continuously
on the initial data in a way which implies that the solution for given initial
data is unique. The Galerkin method used converges to the solution for an
arbitrary basis of the appropriate function spaces. We next prove that when
the initial data is sufficiently smooth and satisfies appropriate compatibility
conditions, the resulting solution is a classical solution of (1.1). In the hinged-
end case the compatibility conditions are linear, but in the clamped-end
case they are nonlinear and this makes the regularity proof less straightfor-
ward. Our methods also apply to the mixed problem of a beam with one
clamped and one hinged end, but for brevity we do not discuss this case.

It would be of interest to extend the analysis of this paper to a more
satisfactory model. In a series of papers, Antman [1-3] has used the direct
method of the calculus of variations to prove the existence of stable equilib-
rium configurations for rods and shells with a Cosserat structure. The models
used by Antman incorporate both geometric nonlinearities, due to large
deflections, and the effects of nonlinear stress-strain laws. He obtains quali-
tative results on the nature of buckled states. Convexity assumptions analo-
gous to those of Coleman and Noll (see [26]) are essential for the existence
proofs. In a similar way we are able to use a monotonicity property (Lemma 6)
to establish the convergence of the nonlinear term in (1.1).

The author would like to express his gratitude to Professor Antman for
suggesting the present problem and the method of approach used.

In a better model, excluding the effects of damping or fading memory,
it is doubtful whether similar regularity properties to those proved here
would hold. Zabusky [29], Lax [18], and MacCamy and Mizel [21] have
shown that in the special case of one-dimensional motion of a rod, for all
nonzero initial conditions breakdown of the solution occurs after a finite
time. The breakdown effect disappears when a fading memory assumption is
introduced (Greenberg, MacCamy, and Mizel [16]). Our assumption of
transverse motion (and thus of uniform tension) may exert a similar smoothing
effect.

The effect of adding a linear damping term to (1.1) has been discussed in a
recent paper of Reiss and Matkowsky [23], who use a formal asymptotic
expansion method to study the approach of the beam to a buckled state.
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2. PRELIMINARIES

We first of all explain some notation and introduce some well known func-
tion spaces.

Let 2 be the open interval 10, /[ of R', where ! >> 0 is the length of the
beam in its unstressed state. Write Q = @ x 10, T{, where T > 0 is fixed.

Let C™(£) be the class of m times continuously differentiable real valued
functions on £, and set

Co(Q) = 61 Q).

Let 2(R2) be the subset of C*(£2) consisting of those functions with compact
support in 2. P(R2) is given the strict inductive limit topology of L. Schwartz
(see Carroll [7]). The dual space of 2(£2) is denoted by 2'(£2).

In the usual way let L3(£2) be the Hilbert space of real valued Lebesgue
measurable functions f = f(x) on 2 with | f| < o0, where

A =1y = ([ (Fe2as)

The inner product of two functions f and g in L*(2) is written

(h8) = [ 1) 8(s) .

We denote by L®(0, T') the class of essentially bounded measurable real
valued functions on 10, T[. L*(0, T') is a Banach space with the norm

1£ o 0,1, == €5 sup | £(2)] -
L7(0,T) telo. Tl ( )

The spaces L¥Q), C™(Q), 2(10, T[) and £'(J0, T[) are defined in the obvious
way.
] 1/2

If g e C™(Q), let
Let Cm(Q) be the subset of C™(R2) consisting of those functions g with
| &llm < 0. We define the Sobolev space H™(£2) to be the completion of
C™(Q) under the norm | |),, .

H™($2) consists of all functions uel*$) with strong derivatives
O*ufox* e L) for 0 < k < m. The closure of Z(R2) in H™(Q) is written

okg(x) |2
oxk

umm-[zj

409[42(1-5
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Hy(Q). H™($2), Hym(82) are both Hilbert spaces. Denote by H-"(£2) the dual
space of Hy"(£2). We identify L¥(©2) with its dual, and hence

2(Q) C Hyv(®) C LX) C H-"(Q) C Z'(%).

The Hilbert space H™((Q) is similarly defined, the norm of one of its elements
f being

orHf(x, 1) |2 1/2
Wl dedt|

1 fllgmq gy :[ 2. J

rs<m ¥ Q@ '

where the indices 7 and s are nonnegative integers and the derivatives are
strong derivatives. For general information on Sobolev spaces see Fried-
man [15].

Let X be a Banach space and let 1 < p <{ . We say that f belongs to
L?(0, T; X) if f is measurable in ¢ with values in X and is such that

11l pio,r:00 < 905

where
o oT 1/» X
Floor = ([ I7@EE) € 1<p<oo

= ess sup || f(*)llx if p=oo.
te]0, T

L?(0, T; X) is a Banach space (Bourbaki [5]).

We write 2°'(0, T; X) = £(2(]0, T]); X), the space of continuous linear
maps from 2(]0, T]) to X. If fe 2'(0, T; X), we define offot e 2'(0, T; X)
by

To)=—1(®)  forallpe 200, T, 2.1)

L0, T; X) can be embedded 1-1 into 2'(0, T; X). If feL*0, T; X),
define for ¢ € 2(]0, T7Y)

f0) = [ SOw) 22)

The integral in (2.2) is a Bochner integral in the Banach space X (cf. Hille
and Phillips [17, Chapter III]). By means of (2.2), f may be regarded as
belonging to 2'(0, T; X) and may be differentiated with respect to ¢ using
2.1).

For brevity in notation, from now on dots above symbols representing
functions denote differentiation with respect to time £, while derivatives with
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respect to distance x along the beam are written 6™u/0x™ = u'™). Constants
are frequently denoted by C, their dependence on relevant parameters being
mentioned where necessary.

3. Tue MoDEL

Consider an extensible beam whose ends are held at x = 0and x = { + 4.
Let H be the axial force set up in the beam when it is constrained to lie
along the x-axis. The model for the deflection u{x, ) which we discuss is

i + au® — (B4 k| uh [2) u® =0, (3.1)

where o = Ellp, B = H|p, k = EA,[2pl, and H = EAA|l, where E is the
Young’s modulus, I the cross-sectional second moment of area, p the density
and A, the cross-sectional area. We adopt the convention that if H is positive
it represents a tensile force. Clearly « > 0 and % > 0; these conditions are
essential for the proofs which follow.

The initial conditions are

u(x, 0) = uy(x), (3.2a)
u(x, 0) = uy(x). (3.2b)

In Section 4 we consider the boundary conditions corresponding to hinged
ends

u(0, £) = u(l, t) = u®(0, £) = u@(l, t) = 0, (3.3)

while in Section 5 we consider the boundary conditions corresponding to
clamped ends,

u(0, £) = u(l, t) = (0, £) = uW(l, t) = 0. (3.4)

All the solutions whose existence we prove satisfy the energy equation

|12 o] u® 24 B 1w 2 4 (R[2) | u® [ = B, 3.5)
where
B={u b alu® 2B P4 (R2) | ud |8 (3.6)

Consider the functional

| u(2) l2

G(u) = Ta® (3.7
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where u is subject either to (3.3) or (3.4) and is supposed to be twice continu-
ously differentiable in x. Then it is well known (Courant-Hilbert [9]) that
G(u) attains its minimum value, which is #%//2 in the case (3.3) and 4#2//2 in
the case (3.4).

Denote by Hyy the classical Euler buckling load of the beam.

Hpyy, = — EIT%2 for hinged ends, (3.8a)
while
Hy = — 4EI7%I2  for clamped ends. (3.8b)

Then it is clear that if H > Hpyy then b 2> 0, while if H <C Hypyy then there
are initial conditions which allow % to be positive, negative, or zero.

The case & < 0 corresponds to motion about a buckled state, for | ') |
cannot be zero in this case.

4. HiNnGep ENbps

In this section we establish the existence of weak solutions of the equation
(3.1) subject to the initial conditions (3.2) and the boundary conditions (3.3).
We prove that the weak solutions are unique, satisfy the energy equation
(3.5) and depend continuously on the initial data. We then prove that when
the initial data is smooth enough and satisfies certain compatibility conditions
the solution is a classical one. Precise meanings to the terms ‘“‘weak solution”
and “‘classical solution” are given in the statements of the theorems. As
general references we cite Lions [19, pp. 1-26] and Sather [24], where the
method is applied to a nonlinear hyperbolic equation. The results of this
section include those of Dickey.

(i) Definitions and Preliminary Lemmas
Define

So ={ye HYQ) | 3, y®, y¥ € H{(2)},

Sy ={ye HY(RQ) |y, y* € H(2)},

S, = H{(2) N HYL).

S, and S; are easily seen to be complete subspaces of the Hilbert spaces
HY(82) and HY(2) respectively.

LemMA 1. Let fe HY(Q) and suppose f(§) = O for some £ € .

Then
Ifl<UV2[f0]. (4.1)
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Proof. By the Sobolev embedding theorem (see Friedman [15, p. 30]), f
can be regarded as belonging to C%({2) and hence f(¢) = 0 has a meaning.
Suppose fe CY{). Then

f(x) = fxf(“(s) ds for x € Q.
¢
So

e = ([ 1o a) <| [ e

Therefore

[roeras!.
3

UP<f|x—§MHﬂ“F< f 1.

For a general f € H(£), (4.1) follows by an approximation argument. []

By a basis of a Banach space X, we mean a set of linearly independent
elements of X whose finite linear combinations are dense in X.

LemMa 2. s, =sin(nmx/l), n = 1, 2,..., is a basis of the spaces Sy, Sy, S,
and L¥(Q).

Proof. That {s,} is a basis of L}(£2) is well known. Suppose s € S, and let
e > 0 be given. As s® e L¥(Q), there exist N, a, ,..., ay such that

N

s® —% ags,

r=1

2
< €.

Let
olx) = —Zm( L) s

so that |(s — ¢)!® |2 < e. By the Sobolev embedding theorem, s belongs to
C5{), and so by Rolle’s theorem there exist £; € £ such that

t—@)(£) =0, 0<i<S5.

Lemma 1 now implies that

[
Y I(s — @) |2 < Ce.

=0

Hence {s,} is a basis of S,; similarly {s,} is a basis of S; and of §,. []
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LemMma 3 (Gronwall). Suppose feL*(0, T) and that K =0, C, are
constants. If

fO) < Co+ K | 1) ds
for all t [0, T then
1) < G,

Proof. See Carroll [7, p. 124]. []

LemMa 4. Suppose X and Y are Hilbert spaces or separable Banach spaces
with dual spaces X' and Y'. Suppose Y is continuously and densely embedded in
X If

u,—~u in  L°0, T; X') weak*

7]
and

4, —y in L%, T; Y’') weak*,
then
x=1u im L0, T;Y).

Proof. The assumptions on X imply that L°(0, T; X’) is the dual space
of LY(0, T; X) (see Bochner and Taylor [4] and Dieudonné [12]) and that

f "4 (t) (a(t)) dt — f ") (g(0) dt forall g L0, T; X).

Thus forallx € X, p € 2(]0, TY)

[ otom®) @) de— [ a(tute) (s)
Hence
u,(p) (*) — ulp) (¥)
(using (2.2)) and so
i, () (*) = (@) (*)-
Similarly, #,(¢) (¥) — x(p) () for all y € Y and ¢ € 2(]0, T]).
Thus #{p) = x(p) in Y’ for all p € Z(]0, T[) and the result follows. (]

LemMa 5. Let X be a Banach space. If f e L¥0, T; X) and f e L0, T; X),
then f, possibly after redefinition on a set of measure zero, is continuous from
[0, T]— X. Indeed, for almost all s, t € [0, T,

&)~ 16 = [ fo) do.



INITIAL-BOUNDARY VALUE PROBLEMS 69

Proof. See Wilcox [27, Theorem 2.2]. A similar lemma, due to Lions, is
proved in Carroll [7, p. 176]. [

The next lemma establishes a monotonicity property for the nonlinear
term in (3.1).

LemMa 6. Ifu,ve S, then

(|2 2@ — oD 2@, 4 — 0) <O.
Proof.
(| 40 [2a® — | oW 2 9@, 4 — g)
= | 2D 2 (@D, vD) — [ 2D [2) 4 | oD [ (@D, 20) — | o) [2)
<l u® (a0 | — |2 2) £ [ oD 2 (a® || oD | — | )
=—(u®]| —]o®)(u® P — oW P) <0 O

(i) Weak Solutions

In this subsection we establish the existence of a weak solution to the
initial-boundary value problem (3.1)—(3.3). The solution need not satisfy
the boundary conditions #'®(0, ) = u®(/,t) =0 in any classical sense,
although we shall show later (Theorem 4) that it does do so if u; and u, are
smooth enough and if

u(0) = (1) = 1(0) = (1) = 0.
THeOREM 1. If uye S,, uy € LX), then there exists u = u(x, t) with

ueL=(0, T; Sy),
1 eL=(0, T; LY(Q)),

such that u satisfies the initial conditions (3.2) and the equation (3.1) in the
sense that

(@ ¢) + o(u®, o) — (B + k| u® ), ¢) =0  forallpeS,. (4.2)
Proof.
Approximating solutions. Let {w,} be a basis of S, . If

um(t) = il gim(t) Wy



70 BALL

is to be a solution of

(iim(1), ;) + o(u2(t), wP) — (B + k | 4P (1)) @2 (2), ;) = O

) (4.3)
I<j<m,
certain nonlinear ordinary differential equations for the g;,,, must be satisfied.
These can be written in the form

fm -3 @y fim(e) =0 1<i<m, (4.4)

i=1

where w = (w;;), wy; = (w;, w;), g = (g;) and f;,, is continuous. w=! exists
by the assumed linear independence of {w,}.

The method of successive approximations (see Coddington and Levinson
[8, Chapter 1]) ensures the existence of a solution #,, to (4.4) and thus to
(4.3), valid in [0, t,,], subject to the initial conditions

m
Un(0) = Uy = Y. i, —> Uy IS,
in1

(4.5)
um(o) = Uy = Z Bimwi —> U in Lz(_Q)’

i=1

where we have used the assumptions on u, and %, .
The estimates that follow show among other things that ¢,, = 7.

Estimates. Multiply (4.3) by g;,(t) and sum for j = 1,..., m. This gives

B

d/l 5 e e B we, ko _
(5 Vi 2 5 | 12 5 2 1) ) =0,

dt
Integrating from O to £ yields the energy equation

Vi P o | u® |+ B P R
2 (4.6)

\ .

= |t [* + o [t * -+ B | gm [+ - | g [

The right hand side of (4.6) is bounded independent of z and ¢ [from (4.5)]
and as «, & > 0 it is clear that

a1, 6@, 14, | < C (independent of 7 and ¢). 4.7)
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Convergence. 'The estimates just derived, together with Lemma 1, show
that
{4,,} isboundedin  L*(0, T; S,),

{#,} isboundedin L0, T; L¥ L)),
and
{l u,(,f) |2 ui?.)} is bounded in L°°(0, T; Lz(_Q)),

In particular, {u,} is bounded in HYQ). Furthermore, the injection
HY{Q)— L¥Q) is compact by the Rellich-Kondrachoff theorem (Lions and
Magenes [20, p. 110]). Thus, using the classical diagonal procedure, we may
extract a subsequence {«,} of {u,} with the properties

u, —u in  L20, T; S,) weak*,
n,—>v in L2, T; L*(£2)) weak*,

w,—~w in  L¥Q)strongly and a.e., 4.8)

and
L Pu® >y in L0, T;L¥(Q)).

Lemma 4 implies that # = v. As u, — u in L*Q) weak* it follows that # = w.
The next step is to show that

x = | utl) |2y, (4.9)

To this end let v e L¥0, T} S,).
From Lemma 6 it follows that

T
J' ( u‘(‘l) 12 uff) — o 2 o, u, —v)dt <0
0

But
T T

f (o2 Pu®,w)dt = [ (ol P wyde+ [ (ul Pu®, 0, —u)
0 0

As p— o0, the first integral on the right hand side converges to _[ (x, w) dt,
while the second integral tends to zero since u, — u in L3 Q) strongly
Hence as

T T
_[ (o 2o u, — ) dt — J. (oW [2o®), y — o) dt,
0 0

it follows that

T
f (x— oW 2o u —o)dt <0
)
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Set v = u — Aw with A > 0 and w e L¥0, T; S,), and let A — 0+ . Thus

T
f (X — I u(l) Jz u(2‘, w) dt \(\: O.

]

Change w to —w. Then

T
j (K= Pu®, w)dt =0 forallweLX0, T; 5y)

Hence
x = | u® 2y,

Now let j be fixed and p > j. From (4.8) and (4.9) it follows that

) — (2, wf?) in L0, T) weak™,
@2, w) > @?, w) in L7, T)weak™,

(o a2, w)—>(u® 2a®, @) in L0, T) weak*.
Also, since

(w, , w;) — (&, w;) in  L*(0, T) weak*,

(i, w) > (@ w)  in Z(J0, T
Hence

@i, wy) + o(u®, ®) — (B + k| u® ) (@®, w) =0

and (4.2) follows from the denseness in .S, of the basis {w;}.

(4.10)

It remains to show that the initial conditions (3.2) are satisfied by .

As
u,—u in L=(0, T; L3(£2)) weak*,
and

w,— i in L=(0, T; L¥(£2)) weak*,

"

it follows from Lemma 5 that
(9, 9)— (u(0), )  forall p € LX),

and hence from (4.5)
#0) =u,.
From (4.10),
(i, ,w;)—> (@, w) in L0, T)weak*
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Thus from Lemma 5 with X = R,

(#,(0), w;) — (#(0), w;)-
But
(2,(0), ;) = (uy , wy)
and so
2(0) = u, . U
Remark. We sketch another proof of the convergence of the nonlinear

term, following that of Dickey, and using the special form of the term. For
@ € L0, T; L¥(£2)) we have that

T
f (x — |1 2u®, ) dt
0
T W 2.0 T W@ @
=f (X_luul l2uu2’¢)dt+f Iu l (uu —u ,(P)dt
0 i}

T
+ P =1 ) @ ) e

But
T )2 ) |2y ¢,, (@ T (2) (2)
[ 01— 12 B a®, | <c| [ @—uu®+u®)a
o o
T
<Cf |u, —u|dt—0.
0

The other integrals also tend to zero and the arbitrariness of ¢ implies that

x =|u® 2u®,

(iii) Dependence on Initial Conditions

Next we show that the solution # in Theorem 1 satisfies the energy equa-
tion (3.5), and that # depends continuously on the initial data #, and %, . In
particular we prove that # is unique. The following lemma is a special case of
Lemma 8.3, p. 298 of Lions and Magenes [20], originally due to Strauss [25].
We omit the proof, which relies on an intricate regularization procedure.

LemMMA 7. Let V be continuously and densely embedded in LYQ) and let V'
be the dual of V so that VCLYQYCV'. If eV define A%eV’ by
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Af(p) = o(®, @) for ¢ € I, so that A2 € LV, V'). Suppose
wel®0, T; V), weL>(0, T; L¥(Q)) and that w satisfies the equation

% + A = f,

and the initial conditions w(0) = w, , @W(0) = w, . Suppose w, € V, w, € L)
and f e L¥0, T; L¥(£2)). Then for all t< [0, T,

9+ | @O = | [P+ o P2 [ (f0)de @11

THEOREM 2. Suppose u, v are two solutions of (4.2) with
u,vel>(0, T; S,),
u, 9 e L*(0, T; L¥$2)),
and suppose that u, v satisfy the initial conditions
#(0) = u,, #0) = u,, 2(0) =7y, 9(0) =v,,

with uy, vo€ Sy, and u, , v, e LA(Q). Let w = u — v. Then

|6(t)f + o | w®OF <[u — o +alu —of Pexp(Kt),  (412)
where K is a continuous function of | ul® |, |u, |, [v{¥ | and | v, | .

Proof. We apply Lemma 7 with V =38,, wy =4y — v, w; =1 — v
and

J@) =B + k| uV(@)?) u(t) — (B + & [ o V(B)*) v(2).
It is clear that fe L*0, T; L*(£2)) and we conclude that
) + | 0P = [y — v 2+ o | — 0P 42 [ () do.

(4.13)
But

flo) = (B + k| uM(0)]?) w®(o) + k(| u(0)* — | v¥(0)}?) ©'*(o)
= (B + k| u'(0)?) w¥(0) — k(u(0) + o(0), w®(c)) v*(0)

and hence
' 7 < f @y (o) do
2] (h@yde| <C [ @) |960)
<5 [ (9(o) + o (o))

(4.12) now follows from (4.13) and Lemma 3.
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That K = C[2a!/2 is a continuous function of |, |, | vy |, |#¥ | and

| v$® | is a consequence of Lemma 1 and Theorem 3 to follow. []

Remarks. (i) It is an immediate consequence of the theorem that if
#y = vy and #; = v;, then u = v; that is, the solution # in Theorem 1 is
unique. Choosing subsequences in Theorem 1 was therefore unnecessary,
and our method is therefore constructive. The uniqueness may also be proved
directly (avoiding Lemma 7) by the method given by Lions [19, p. 15].

(ii)) Inequality (4.12) may be interpreted as an estimate for the error
in the solution when the basis {sin( jmx/l)} (in any order) is used, as in this
case the approximate solutions satisfy (3.1). In (4.12) set v = u,, , vy = %y ,
?; = U, . The upper bound for the error is then seen to depend on how
well the initial data is approximated, and it increases exponentially with time
as might be expected for an undamped system. K may be evaluated explicitly
in terms of o, B, &, u,,, and u,,, .

THeorREM 3. The unique solution in Theorem 1 satisfies the energy equation
(3.5).

Proof. Set v =0 in (4.13). It is then enough to prove that
t
2 f (B + & | uV(0)f?) (u*(0), (o)) do
0

(4.14)
— B(l u‘()l) l2 . ‘ u(l)(t)l2) + _:_ (l u(()l) ]4 —1 u(l)(t)ltl)‘

From Lemma 5 it follows that () is a strongly absolutely continuous func-
tion of ¢t with values in L%(Q). (See Hille and Phillips [17, p. 83].)
But

TP — [ aD@)P | = [(uls) — u(t), u®(s) — u2(2))|
< Clufs) —u(@)
Hence | #'V(2)|? is a real valued absolutely continuous function of ¢ with

derivative — 2(u'®(t), i(t)) a.e. Similarly, | #)(¢)|* is absolutely continuous
with derivative — 4 [ u®(£)(2 (u®)(2), u(2)) a.e. Thus (4.14) holds. []

(iv) Regularity

THEOREM 4. Suppose uy€ S, and u, € S,. Then there exists a unique
Junction u such that

uel=(0, T; S,), ueL®(0, T; Sy), i e L0, T; L)),
i+ ou® — (B4 R|uW|Ha® =0 i L0, T;L32)), {4.15)
u(0) = u,, and 1(0) = u, .
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Proof. 'The proof closely follows that of Theorem 1.

Approximating solutions. We use the basis {s;} = {sin(jmx/l)} of S,.
(See Lemma 2). The approximating solutions #,, are of the form

Un(t) = 3, gimlt) s; (4.16)
i1
and satisfy the equation
Gy +o® — B+ k|d? Pu® =0 (4.17)

in [0, t,,] subject to the initial conditions
um(o) = Ugm —> Up in Sl

(4.18)
%,,(0) = uyy — 4y in S, .

Estimates. The basic energy estimate (4.7) holds as before, and shows
that ¢,, = T. It follows from (4.17) and (4.18) that

| 4i,(0)] < C. (4.19)

Now differentiate (4.17) with respect to ¢ and take the inner product with
#,, , to obtain

b (ddn) (i [* A+ o [ 29 ) = Ba + k) [l + 2k, al)) gy, di)
SUBI+kIuwd )i ||t |

42k | u® | 1a@ | u@ | iy, |
By Lemma 1 and (4.7)

(djdt) (| iy |® + o | 22 2) < C 132 | | il |

C .
<2_al—/—2(’ ﬁm12+°‘|”,(f) ).

It follows from (4.19) and Lemma 3 that

lin |, |#2 | < C  (independent of m and ¢). (4.20)

As o > 0, (4.17) yields the bound

14| < C. (4.21)

Convergence. Using the estimates just derived, Lemma 1 and the methods
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of Theorem 1, it is easy to show the existence of a subsequence {u,} of {u,}
such that

u,—u in L0, T; S,) weak*,
0, —> U in  L20, T; S,) weak*,
i, — i in L>(0, T; L¥(£2)) weak*,
u,—>u in HYQ) strongly and a.e.,
and
| ul 4y Iz @ _ | ey Iz £@ in L°°(0, T; S,) weak*,

These convergence properties establish the theorem. The proof parallels
exactly that of Theorem 1. u is unique by Theorem 2. []

Remark. By the Sobolev embedding theoremn, %, and u(t) are equivalent
to functions in C3(£2) and, therefore, (Friedman [15, p. 39]) satisfy the hinged-
end boundary conditions (3.3). Similarly #(0, ¢} = u(/, ) = Oforallt [0, T1.
The embedding theorem also shows that u e C%Q).

The next theorem establishes that under certain conditions u is a classical
solution; that is u € C{Q) X C%([0, T]) and satisfies (3.1)~(3.3). By putting
x =0,/ and t =0 in (3.1) it is clear that necessary conditions for the
existence of a classical solution are the ‘“‘compatibility conditions”
u$M(0) = u{P(l) = 0. Roughly speaking, the theorem says that these condi-
tions are sufficient.

TueoreM 5. Let uge Sy and u, €S, . Then

uecL>(0, T; S,), zeL>(0, T; Sy), #eL*(0, T; S,),
(4.22)
7el*(0, T;L¥RQ)) and  uweCYD)N [CHRQ) x C(]0, T])].
Proof. As in Theorem 4 we use the basis {5;} of S;. The approximating

solutions #,, are of the form (4.16) and satisfy (4.17) in [0, #,,] subject to the
initial conditions

4,,(0) == uy,, — 4, in So,

%,(0) = uy, > 1 in Sy .

The bounds (4.7), (4.20) and (4.21) hold and show that ¢,, = T. Taking the
inner product of (4.17) with #(t) leads to

3} (djdr) (| u(A) (6) l2) B+ k] u(l) 12) (u’f'(li)’ u”(’%))

<C(a® P+« 49 ).
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Thus | 4}, |, | 4}¥ | < C (independent of m and t), and from (4.17) it follows
that |42 |, |, | < C. Hence, using Lemma I, we may extract a sub-
sequence {u,} of {u,} such that

u,—u n L=, T; S,) weak*,
u,—u i L*0, T; S;) weak*,
i, — i m  L*0, T; S,) weak*,
i, —> i in  L¥0, T; L¥£2)) weak™,
u,—>u in H*Q) strongly and a.e.,
and
[u? 2u® W@ 2@ in L0, T; S,) weak*.

The proof is completed as in Theorem 1; (4.22) follows from the embedding
theorems, since, for example, u € HYQ). [

Remark. As in the remark after Theorem 4, we may show that
w0, t) = u(l, t) = u®(0, t) = uD(/, 1) = (0, t) = u¥(], t) = 0,
that
40, 1) = a(l, £) = a®(0, 1) = 4@, 1) =0

and that
i0,1) =4d4(l, 1) =0 forallt [0, T7.

5. CLampPED ENDS

In this section we study the initial-boundary value problem for the equa-
tion (3.1) subject to the initial conditions (3.2) and the boundary conditions
for clamped ends (3.4).

(i) Weak Solutions

First of all we prove the existence of a weak solution and its continuous
dependence on the initial data. We also show that the weak solution is unique
and satisfies the energy equation (3.5).

THEOREM 6. If u,€ H3(S2), uy € LX(82), then there exists u = u(x, t) with

v eL>(0, T; H32(£2)),
12 e L0, T; L*(82)),
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such that u satisfies the initial conditions (3.2) and the equation (3.1) in the sense
that

(@ ¢) + «(u®, p®) — (B + k| u® ) (@, ¢) =0  for allp € HQ).
5.1
Proof. The proof is practically identical to that of Theorem 1. We start

with a basis {w,} of H () and establish the existence of approximating
solutions

tnl) = 3, Zumt) 0, (5.2)

i1
to the equations

(li(t), ) + o, 2Py — (B + k| 4POP) 42, w) =0 1<j<m

(5.3)
subject to the initial conditions
um(o) = Ugm = Z mW; —> Uy in H02(_Q)
i=1
(5.4)
Un(0) =t = ), Bimwy—>wy  in  LXQ).
i-1
The energy bound
L | L | i | < C (5:5)

still holds and the rest of the proof goes through in a straightforward way. [
Remark. u satisfies the boundary conditions (3.4) by the embedding

theorems.

THEOREM 7. Suppose u, v are two solutions of (5.1) with
u, v L*(0, T; H}£2)),
u, 9 e L™(0, T; L¥(£2))
and suppose that u, v satisfy the initial conditions
w0) = u,, #(0) = u, , 2(0) = v, 9(0) = v,
with

uy, Ve HX) and u,v,el?Q).

409[42/1-6
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Set w =u — v. Then
o) +a|w®OP <[ u —o P +olul — ol PexpKt) (5.6

where K, is a continuous function of [ u\® |, |uy |, | ¢S | and | v, ].
Proof. 'The proof runs parallel to that of Theorem 2. In applying Lem-
ma 7 we set V= H32). [

Remark. Setting 4y, = vyand u; = ¢, in (5.6) demonstrates the uniqueness
of the weak solution in Theorem 6. The Galerkin method is therefore
constructive. A direct proof of uniqueness can again be given following

(19, p. 15].

THEOREM 8. The unique solution in Theorem 6 satisfies the energy equation.

Proof. ldentical to that of Theorem 3. []

(ii) Smoother Solutions

This subsection contains a lemma and a preliminary regularity result. Let
X be the Hilbert space H2(£2) N HY$).

Lemma 8. There are constants C; such that for all fe X,
fPI<GIfeY ] i=0,1,2,3.

Proof. By the embedding theorems and Rolle’s theorem, there exists
&, 0 < & <l with fU(£) = 0. Therefore there exist §&,, &,

0 <§& <é < €<l with fR(&) =f2)(§) =0, and there exists £,
0< & <é<éy<<l with f9(€) =0. The result now follows from

Lemma 1.

TueoreM 9. If uye X, u, € HPH2) then there exists a unique function
u = u(x, t) with
ueL2(0, T; X),
we L0, T; HY(Q)),
e L>(0, T; L¥2)),

such that u satisfies the initial conditions (3.2) and the equation

it ou® — (B R[u R u® =0 in L0, T;L(Q). (5.7
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Proof. Let {w;} be a basis of X. The approximating solutions #,, are of the
form (5.2) and satisfy (5.3), and the initial conditions

U (0) = upg— 1, in X,

and
1,0)=u,,— 1 n H2(8).

{un} satisfies the bounds (5.5).
Multiply (5.3) by §;,,(0) and sum for j = 1,..., m. Thus

| i (0)% = |0l — (B 4 R | ull) ) 4, i1 (0))] < €| tin(O)]

Thus
| ,,(0)] < C. (5.8)

Now differentiate (5.3) with respect to ¢ to obtain

(fim » 5) + (@2, 2P) 59
= B2, w;) + k22, 1LY @2, w)) + |4l P @2, w))].

Multiply (5.9) by g;,.(2) and sum for j = 1,..., m. It follows that
L (d/dt) (i |* + o |22 )
VB a2 | Vit | + 2010 | 182 [ (6@ | Vi | 4+ R 0@ 1202 || by |

< Clad | liim | < ol %),

s (i
From (5.8) and Lemma 3 we deduce the bounds
i |, 2 | < C. (5.10)
In the usual way follows the existence of # with
ueL*(0, T, H(£2)), 1 € L*(0, T; H(£2)), ii e L~(0, T; L¥ (%)),
and such that
(i, v) + a(u®, @) — (B + k| u™ ) (4®,2) =0 forallve X. (5.11)

It remains to show that u e L*(0, T; X).
But from (5.11), for almost all ¢ and for all v € X, a(u'®, v®) e L=(0, T).
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Hence, for almost all ¢, u satisfies (3.1) and so #'*) € L>(0, T; L¥(£2)). Lemma 8
now shows that u e L*(0, T; X). J

(iii) Regularity and an Associated Linear Equation

If ue C%Q) x C¥([0, T]), and if u satisfies (3.1), (3.2) and (3.4), then we
call u a classical solution of the initial-boundary value problem. Setting
t =0,x =0, /in (3.1), we see that necessary conditions for a classical solution
are that

aud — B+ k| Pup =oud — B +klud Pud =0 at x=0,L
(5.12)

To obtain a result in the other direction is less straightforward than in the
hinged-end case. This is due to the nonlinearity of the compatibility condi-
tions (5.12). In the hinged-end case (see Theorem 5), functions u satisfying
the boundary and compatibility conditions belonged to the linear space S, .
Each approximating solution #,, then automatically satisfied the boundary
and compatibility conditions, and it was possible to obtain convergence to a
classical solution in suitable Banach spaces. Functions u, satisfying (5.12),
however, do not form a linear space, and the method of Theorem 5 is inappli-
cable.

To overcome this problem we first consider an associated linear equation
for which it is possible to obtain a classical solution using the Galerkin
method. The following theorem is a statement of this result.

TueOREM 10. Let f be a continuous real valued function on [0, T] such that

£ 1 Fel=(0, T). (5.13)
Let uy e HY(Q) with
ty = uL = oatl® — fO) 4P = ol® —FO)#P =0 at x=0,]
(5.14)

where o > 0. Let
w, € X = H3L) N HYD).
Then there exists a unique functiony = y(x, t) with
yeL®(0, T; HX82) n HYL2)),
yeL>(0, T; X),
§ € L0, T; HQ)), (5.15)
¥ eL=(0, T; L)),
y & CY(Q) N [C%(R2) x CX(0, T])],
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such that y satisfies the linear equation

J+ oy —f(t)y® =0 (5.16)
and the initial conditions

¥0) =1uy, F0)=1u. 5.17)

Remarks. (i) The conditions (5.14) are well defined by the embedding
theorems.
(ii) (5.16) is the equation for the deflection of a beam with time varying
axial force proportional to f(z). Theorem 10 relates the smoothness of the
deflection to the smoothness of f.

The proof of Theorem 10 needs several preliminary results, which are
given in the next subsection.

(iv) A Special Basis for the Galerkin Method

LemMA 9. Let

y = f(0)/e

Consider the ordinary differential equation Lw = Aw subject to the boundary
conditions w = w =0 at x = 0 and x = I, where

Lo = o™ — yu®),
Then

(i) There exist an infinity of eigenvalues X; whose absolute values are
unbounded and for which 2ero is not an accumulation point,

(ii) 7o each eigenvalue A; corresponds a unique normalized eigenfunction
w; . For convenience, enumerate the X; so that 0 < | A | < | A ] <<+, Zero
(= Ay) may be an eigenvalue, in which case let w, be the corresponding non-
trivial eigenfunction.

(iii) The normalized eigenfunctions w; form a basis of LA(2). Any g € L*(2)
can be expanded in a series g(x) =3 ;(w;, £) wyx), convergence holding in
L2($).

Proof. 'The lemma is a well known consequence of the theory of Green’s
functions and compact operators. See Coddington and Levinson [8, Chap-
ter 7], Courant and Hilbert [9], and Everitt [14]. The uniqueness of w; is
easy to prove but unnecessary for our purposes. []

Lemma 10. Let M be the subspace of L¥(S2) generated by wy if A = 0 is an
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eigenvalue of L, and be empty otherwise. Let M+ be the orthogonal complement of
M in L*(). Then for all y e M* N X,

Iyi<ialTtLy].

Proof. From Lemma 9,y = Z:D=1 a,w, in L3(L2), where a, = (3, w,). Since
Lye M+ Ly =3, bw,inL¥Q), where b, = (Ly, w,) = A,a, . By Parseval’s

relation,

/\rzarzv ly ‘2 = Z arz'

1 r=1

™s

|Ly | =

r

The result follows. [

Lemma 11. For all ye M N\ X, [y® [ < C|Ly|.
Proof.
|y 2= (y®,5) = (3 =, 2) + Ay®, 5)

<Iy9 =@ Uy + 1y @[ yw — @]
L Cly® | |y® — gy |,

Hence
|y <Clyw —yy.
Now
| y@ 2 = (y@D), yl@ — 4@ |y y), y(@))
Ly y® — @ |+ ClyD | |y® — @ |,
Hence
YOI ClyW —p® . O
Let

Y = {y c HG(_Q) |y’y(1)’ y(4) — yy(2)’y(5) —_ yyw) e HOI('Q)}’

which is a closed subspace of H8({2) and hence is a Hilbert space. The main
result of this subsection is

THEOREM 11. {w;} is a basis of X and of Y.

Proof. (a) We first prove that {w,} is a basis of X. Let v € X and suppose
€ > 0. Then v = v, + v, , where v, =0 or pw, and v, e M+ N X. Since
Lo, € M+, there exists a finite linear combination X of the w; (f =1, 2,...)
such that | Lv; — 2'| < e. By replacing w; by w,/A; we may write 2 =L2X,,
where X, is another finite linear combination of the w; . By Lemmas 10 and
11, | oy — 21 ]lx << Ce. Hence || v — (2] + 2p)llx < Ce.
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(b) 'To prove that {w;} is a basis of Y, first suppose that y e ¥ N H¥Q).
Then y = x, =+ x1, where x, =0 or pw, and x, € Mt N Y N HYQ).
Given ¢ > 0, there exists a linear combination X, of the w; (f =1, 2,...)
such that | L¥(y; — Z,)| << e. Since L(x, — 23)e M+ n X, by Lemma 11 it
follows that | L(x!¥ — Z{*)| < Ce. Using the relations

O — Z)"0 =Li” — Z) +ya™? — I8P r=1,2,3,4,

it is easy to prove that
|3, — 25 lysgy < Ce.
Thus
H X— (22 + Xo)“HB(_Q) < CG,

showing that {w,} is a basis of ¥ N H3(Q).

Suppose now that yeY. There exist {y,}eY N H¥Q) such that
|y, — ¥ lly = 0. Given ¢ > 0, choose r such that |y, — y|ly <e¢/2 and a
linear combination X of the w; such that |y, — 2|y <e¢2. Then
ly — Zlly <e Thus {w;} is a basis of Y. []

Note. {w;}is not an orthogonal basis of X or Y.

(v) Proof of Theorem 10

Approximating solutions. We use the basis {w;} of X and Y discussed in
the last subsection. The approximating solutions y,, are of the form

Imlt) = i":l by () w;

and satisfy in [0, ,,]
(Ful®) + 0’ ()) = fO D@ w) =0 1<j<m  (518)
and the initial conditions
Ym0) =Ymo—>u In Y,
920 =ym—u, in X
From the assumptions on f it follows that

Ims Jm €L, T; Y). (5.19)
Estimates. Since

1 dt) (| 9 12+ o |92 13) = £ (32, 9) <1FON 32 11 me |



86 BALL

from Lemma 3 follow the energy bounds

1921 1 9m | < C. (5.20)

Differentiate (5.18) with respect to ¢ to obtain

(Falt) + P0) — F) 92(8) — f (1) 92(8), w) =0.  (5.21)

The bounds
19|, 192 < C (5.22)

follow in the same way as (5.10).
Next differentiate (5.21) with respect to £ to obtain

(Fult) + L) — F(&) 92(2) — 2£ (1) 32(2) — F () 92(8), w)) = 0.  (5.23)

Since ¥,, and ¥, €eL>(0, T; Y) it follows from Lemma 5 that | 7,,(2)|? and
[ y‘z’(t)lz are absolutely continuous functions of ¢ with derivatives 2( 7,(%),

Fm(?)) and 2(32(2), 72(8)) a.e.. Multiplying (5.23) by A, and summing for
] = 1,..., m thus gives

3 (@/dt) (| o *+ | 902 [P
=(f@) 32 + 2/ ()32 + () Y2, )
<1 I L USONIR 121,32 L+ 1 F O Y2 )
SCU A+ | Fu B+ ol 52 ).

Hence if we can show that | 5,(0)| and | 2(0)| are uniformly bounded, it
will follow that

| Fmls |92 < C. (5.24)
But from (5.21),

| n(O)F = (v — £(0) 92 — £(0) 2 , 5(O))!

and consequently
| 7m0 < C.

To show that | 2'(0)| << C we use the properties of the basis {w;}. From
(5.18) we deduce that

(Fm(0) + & — £(0) 972 , 5,(0)) = O (5-25)
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and that
(9m(0) + oyt — F(©) Yoma » Yo — ) = 0. (5:26)
Add (5.25) to o x (5.26) and use the fact that f(0) = ay. Then

| 91al0) + oy — f(0) 92 2
Hence

Inl0) + egliy — £(0) iy =
and | $2(0)| < C follows from the assumptions on ¥y -

Convergence. We can now extract a subsequence {y,} of {y,} satisfying

YV —>y in  L*0, T; HZ(£2)) weak*,
Yu—>Y in  L®0, T; HX)) weak*,
Ju—¥ in  L*(0, T; H(£2)) weak¥*,
Fu—y in L0, T; L¥Q)) weak*,

and Yu—>Yy in H(Q) strongly and a.e.

Hence
(9, 0) + Ay, o) = f(t) (y?,v) forallve X. (5.27)
By the same method as in Theorem 9, y e L*(0, T; X) and
P+ ay® — f)y® =0 ae.in [0, T] (5.28)

Differentiating (5.28) once and twice with respect to x shows that
y®, y® e L2(0, T; L¥(2)), and hence that y satisfies (5.15). That y satisfies
(5.17) follows in the usual manner. [J

(vi) Classical Solutions

The existence of a classical solution to (3.1), (3.2) and (3.4) now follows
rapidly from Theorem 10.

THEOREM 12. Let uye HYRQ) and satisfy (5.12). Let uy€ X. Then the
unique solution u in Theorem 9 is such that

u e L0, T; HHQ) N HYQ)),

i eL=(0, T; X),

i e L=(0, T; HXQ)), (5.29)
ii e L0, T; L¥(Q)),

ue CYQ) A [CX() x CX([0, TT)].

and
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Proof. Let
f@) =B+ kluD)?
Then
f () = 2k(u(2), V(t)) = — 2k(u'(t), (1))
and

f(t) = — 2k(u2(2), ult)) — 2k(u'>(2), i(t)).
Hence f, f, fe L*(0, T). Also
fO) =B +k|u” "

Theorem 10 now guarantees the existence of y satisfying (5.15)~(5.17).
Subtract (5.16) from (5.7), letting w = # — y. Thus
@ + o — f(t) w® = 0. (5.30)
Hence
(@, @) + a(w'®, %) = f(?) (@, @)

and so
i(L,wlz_’_ilw(za |2) <Cla||w? |
dt\2 2 = )
Thus w = 0 and u = y. The theorem follows. [

Remark. Clearly u satisfies the boundary conditions (3.4) and the compa-
tibility conditions

au® — (B4 k{u® B a® = ou® — (B 4- k| u® ) u® =0

at x =0 and [
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